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ON STABIIJTY OF THE SOLUTIONS OF EQUATIONS 

W I T H  RETARDED ARGuMEmTS 

By Y. M. Repin 

Several  theorems are proved on the s t a b i l i t y  of the  so lu t ions  of 
systems of d i f f e r e n t i a l  equations with retarded argument. 
refer t o  problems of stabil i ty t o  the first approximation and the behavior 
of the so lu t ions  for small changes of t he  re ta rda t ions .  

These theorems 
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ON THE STABILCTY OF W SOIUTIONS OF EQUATIONS 

WITH RETARDED ARGuMEmTS* 

By Y. M. Repin 

I n  t h e  present  paper ce r t a in  theorems are proved on t h e  s t a b i l i t y  

These theorems refer t o  problems of s t a b i l i t y  t o  t h e  first ap- 
of t h e  so lu t ions  of systems of d i f f e r e n t i a l  equations with re ta rded  argu- 
ment. 
proximation and the  behavior of the solut ions for small changes of t h e  
re ta rda t ions .  They are analogous t o  the corresponding theorems on sta- 
b i l i t y  t o  the first approximation (ref .  1) and t h e  s t a b i l i t y  f o r  continu- 
ously a c t i n g  disturbances (ref. 2) f o r  systems of ordinary d i f f e r e n t i a l  
equations and are proven by the methods first  appl ied  i n  t h e  work re- 
f e r r ed  to. 

1. Preliminary Remarks 

Le t  u s  consider the system of equations 

I n  what follows we s h a l l  f o r  br iefness  write it i n  the  following 
form: 

axi 
- -  - X i ( t ,  x k ( t  - T j ( t ) ) )  (i, k = 1 ,..., n j  j = 1 ,..., m) d t  

The funct ions Xi( t ,xkj)  depending on mn + 1 arguments we s h a l l  
assume determined and continuous wi th  respec t  t o  the set of arguments 

"Ob u s to i ch ivos t i  r e shen i i  uravnenii s zapazdyvayushchim argumentom, 
F'rikladnaya matematika i mekhanika, t. XXI, no. 2, 1957, pp. 253-261. 
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f o r  

It is assumed moreover t h a t  X i ( t , O )  5 0 and that t h e  funct ions 
Xi(t,xkj) s a t i s f y  t h e  Lipshi tz  condition with respec t  t o  t h e  arguments 
xk j  (uniformly w i t h  respec t  t o  t ) :  

m n  

The funct ions 

continuous, and bounded: 

z . ( t) ,  defined f o r  t 2 A, are assumed nonnegative, 
J 

‘ c j ( t )  I T. 

The fundamental i n i t i a l  problem i s  formulated as follows. L e t  t he re  
be given to 2 A and a system of n continuous funct ions q i ( t )  on the  
segment [to - z, to]; it  i s  required t o  f i n d  a system of n continuous 
functions xi(tO) = q i ( to )  and 
the  system (l.l), where if 
r i g h t  sides of t h e  system (1.1) m u s t  be  subs t i t u t ed  f o r  O k ( t  - T j ( t ) ) .  

x i ( t ) ,  t 1 to, sa t i s fy ing  t h e  condition 
t - T j ( t )  5 to, then x k ( t  - T j ( t ) )  on t h e  

A s  is  known ( re f .  3 ) ,  i f  I ( p l ( t ) I  +...+ cp ( t )  C H, t h i s  problem 
f o r  t h e  assumptions made has a s ing le  so lu t ion  determined i n  a c e r t a i n  
r ight-half  neighborhood of t he  poin t  
i s  determined a t  t h e  i n s t a n t  t o  by t h e  funct ions q i ( t ) .  It i s  evident  
t h a t  the conditions ‘pi s 0 f o r  A - T 5 t 1. A determine t h e  t r i v i a l  
so lu t ion  of the  system (1.1) x i ( t )  E 0, t L A .  

I n  I 
to. W e  s h a l l  say  t h a t  t h i s  so lu t ion  

I n  what follows it i s  assumed t h a t  t h e  so lu t ions  determined by t h e  
to) s a t i s f y i n g  t h e  inequal i ty  i n i t i a l  functions (pi( t) ( a t  any i n s t a n t  

f o r  s u f f i c i e n t l y  s m a l l  6 can be extended over t h e  e n t i r e  half-axis  
t 2 to. 

Defini t ion 1. - The t r i v i a l  so lu t ion  of t h e  system (1.1) i s  ca l l ed  
uniformly and asymptotically s t a b l e  if the re  exists a number 
t h a t  f o r  each 7 > 0 there  e x i s t s  a number T ( 7 )  > 0 such t h a t  if  

P > 0 such 
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where x i ( t )  a r e  determined from the  system (1.1) a t  the  i n s t a n t  t o  by 
the  funct ions cPi(t) s a t i s f y i n g  the  inequal i ty  l (p l ( t ) j  +...+ lqJn(t ) l  < B. 
Together with the  system (l.l), we now consider the  system 

dxy 0 0 - -  - Xi(t ,xk(t  - T j ( t ) ) )  a t  ( t ,k  = 1, .. ., nj  j = 1, ..., m) (1.3) 

obtained from system (1.1) by subs t i t u t ing  f o r  t h e  funct ions 
funct ions -cQ(t) s a t i s f y i n g  the  same conditions as T J ( t ) .  

T j ( t )  t h e  

Defini t ion 2. - The trivial so lu t ion  of t h e  system (1.1) is  ca l l ed  
s t a b l e  f o r  continuously ac t ing  disturbances of the  r e t a rda t ions  i f  f o r  
any L > 0 the re  e x i s t  numbers 6 ( s )  and p(&)  such t h a t  if 

j q l ( t ) l  +.a*+ Ign(t) i  c 6(&), / T j ( t )  - 7j(t)l < ~ ( 8 )  

then 

where 
t i o n s  cpi(t)  a t  the  i n s t a n t  to. 

xy( t )  a r e  determined from the  system (1.3) by the  i n i t i a l  func- 

With regard t o  de f in i t i on  2, see references 4 and 5. W e  sha l l  prove 
two a u x i l i a r y  proposit ions.  

Lemma 1. - For to t l  T, l e t  a continuous funct ion s a t i s f y  t h e  
inequa l i ty  

M ( t )  5 f(t) + C 

where f ( t )  i s  continuous on 

(1.4) 
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I n  pa r t i cu la r ,  i f  f ( t )  has a continuous der ivat ive,  then 

M ( t )  1. f ( t )  e ft(E) eC(t-c) dE (1 * 5 )  

- Proof. - It i s  not  d i f f i c u l t  t o  see t h a t  

i s  a solut ion of the  i n t e g r a l  equation 

@(f) = f ( t )  + c @ ( E )  ag I:, 
To prove inequal i ty  (1.4), it is s u f f i c i e n t  t o  e s t a b l i s h  t h a t  

N ( t )  = @(t) - M ( t )  I 0 

But, obviously, 

Since 

we can write 
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Continuing t o  s u b s t i t u t e  under t h e  i n t e g r a l  

N ( E ) ,  w e  obta in  

( n  = 1,2, ...) 

Passing, i n  t h i s  inequal i ty ,  t o  t h e  l i m i t  as n + m, we obta in  
N ( t )  I 0, as was required. 
i n t e g r a t i n g  by p a r t s .  

Inequal i ty  (1.5) i s  obtained from t h i s  by 

k m m a  2. - The so lu t ion  of system (l.l), determined a t  t h e  i n s t a n t  
to L A by t h e  func t ions  q i ( t )  s a t i s fy ing  t h e  inequa l i ty  
lq l ( t )  I +. . .+ lqn(t)  1 C 6 < H, s a t i s f i e s  t h e  inequa l i ty  

n 

i=1 

provided it can be continued i n  the region 1 x 1 ]  +. . .+ I % I < H. 

Proof. - I n  v i r t u e  of t he  systeE (1.1) and the i n i t i a l  conditions, 
w e  have 

whence 

where, if 6 - T ~ ( s )  I to, then xk(c - ~ ~ ( 5 ) )  = - ~ ~ ( 6 ) .  

L e t  M ( t )  = max (6 ,  m x  [I xl(c)I +. ..+ Ixn(c) 11) f o r  to 5 5 5 t. 
Evidently, we have 

n ft 
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Since the  r i g h t  side of t h i s  i nequa l i ty  monotonically does not  de- 
crease and i s  always not less than 6, the  functions M(C) s a t i s f y  t h e  
inequal i ty  

whence according t o  lemma 1 the  required inequa l i ty  a lso follows. 

2.  S t a b i l i t y  i n  the  F i r s t  Approximation 

Together with the  system (l.l), l e t  u s  consider the system 

sa t i s fy ing  the  same conditions as system (1.1) ( t h e  L ip t sh i t z  constant 
f o r  t he  system ( 2 . 1 )  may, of course, be d i f f e r e n t ) .  

Theorem 1. - Let the  t r i v i a l  so lu t ion  of system (1.1) be uniformly 
and asymptotically s t ab le ,  where the re  e x i s t  constants a > 0, B L 1 such 
t h a t  f o r  a l l  s u f f i c i e n t l y  s m a l l  
Iql(t) 1 +. . .+ Iqn ( t )  1 6 the  inequal i ty  

6 t h e r e  follows from t h e  inequa l i ty  

] x l ( t ) l  +...+ I%(t)l < B6e -a( t- t o )  

where 
a t  t he  in s t an t  toe 
( 2 .l) s a t i s f y  t h e  inequal i ty  

x i ( t )  a r e  determined from t h e  system (1.1) by the funct ions q i ( t )  
Further,  l e t  the  r i g h t  s ides  of systems (1.1) and 

Then f o r  s u f f i c i e n t l y  s m a l l  u t he  t r i v i a l  so lu t ion  of the system 
( 2  .l) i s  uniformly and asymptotically s t ab le .  

Proof. - Let  u s  consider a t  the  i n s t a n t  t o  a ce r t a in  system of 
the  i n i t i a l  funct ions 

Iv l ( t )  I +. . .+ I cp , ( t ) ]  < 6, where 
of the  system (1.1) determined by the  funct ions 

v i (  t )  sa t i s fy ing  the condition 
6 < h, and so small t'hat the so lu t ion  

c P i ( t )  can be continued 



7 

on the entire half-axis t 2 to and satisfies inequality (2.2). With the 
same initial functions we determine also the solution of the system (2.1) 
in a certain right-half neighborhood of the point 
that, provided Iyl(t)l +. ..+ Iyn(t)l < h, the inequality w i l l  hold: 

to. We shall show 

i= 1 

In fact, on 

Then 

1 
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Let 

i= 1 

Then 

whence 

Applying lemma 1, we obtain t h e  required inequal i ty .  

Let  us now take an a r b i t r a r y  number & < h so s m a l l  t h a t  i f  

then t o  the  difference of the so lu t ions  of systems (1.1) and (Z.l), 
determined by the funct ions 
applied.  

( P i ( t ) ,  the estimate j u s t  obtained can be 

Let /q,(t) I +. . .+ 1 qn( t ) l  c c / Z B ,  and the  magnitude T = (l /u) In 4B 
and u so small t h a t  

We shal l  show that the  so lu t ion  y i ( t )  of the  system (2.1)  determined 
a t  t h e  i n s t a n t  to by the  i n i t i a l  funct ions q i ( t ) ,  f o r  
to 5 t I. to + T + T 
of coordinates (here and i n  the  following by 
o r ig in  of coordinates there  i s  meant the set of po in ts  s a t i s fy ing  t h e  
inequal i ty  lx-,l +...+ 1 ~ 1  c e ) ,  and f o r  
i n  t h e  &/4B-neighborhood of the  o r ig in .  Whence, i n  pa r t i cu la r ,  it Pol- 
lows tha t  the  so lu t ion  
[to, to + T + T]. 

cannot go outs ide t h e  &-neighborhood of the  or Ig in  
&-neighborhood 

to + T 1. t 5 to + T + T 
of the 

l i e s  

y i ( t )  can be  continued a l so  on the segment 
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In fact, at the instant t o 5  to + T + T let the solution 
yi(t) at first go outside the 
xi(t) is determined from the system (1.1) by the same initial functions 

&-neighborhood of the origin. Then, if 

as Yi(t), 

i=1 

But this is a contradiction. Now for to + T 5 t 5 to + T + 7, 

If the yi ( t )  are now considered on the segment [to + T, to + T + 2) 
to + T + ct, then relative to the 

yi(t) we arrive by exactly the same method 
to + T + T 5 t 5 to + 2(T + 2) it does not go 

E/BB-neighborhood of the 

as the initial functions at the instant 
continuation of the solution 
at the conclusion that for 
outside the &/2-neighborhood of the origin, while for 
to + 2T + T 1. t 5 to + 2(T + T) it lies in the 
origin. 

Continuing this process by successive steps of length T + 7 ,  we 
arrive at the conclusion that, if 
of the origin, then the solution of the system (2.1) on the segment 
(to + n(T + T), to + (n + 1)(T + T)] lies in the &/2n-neighborhood 
the origin. 
( 2.1) is uniformly and asymptotically stable. 

qi(t) lies in the &/2B-neighborhood 

of 
It is now evident that the trivial solution of the system 

Corollary 1. - If the system (2.1) satisfies the condition 

where $(x) + 0 for x = 0, then under the same assumptions with regard 
to the system (l.l), the trivial solution of the system (2.1) is uniformly 
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and aymptotically stable. 
system obtained as a resu l t  of t he  u s u a l  l i n e a r i z a t i o n  of t h e  system (2.1) .  

I n  pa r t i cu la r ,  the system (1.1) may be the 

In  f a c t ,  f o r  any u > 0 t he  inequa l i ty  (2.3)  i s  s a t i s f i e d  f o r  suf-  
f i c i e n t l y  small h. 

Corollary 2. - For the funct ions Yi(t,xkj), l e t  there e x i s t  func- 
t i ons  x i (xk j )  such tha t  f o r  any cr > 0 t he re  e x i s t s  a number A ( u )  L A 
such t h a t  f o r  t L A(u)  the inequal i ty  i s  s a t i s f i e d  

m n  

j=1 k d  
IYi(t ,xkj)  - x i (xk j ) l  

If the  solut ions of t h e  system 

xkj  

(2.5) 

s a t i s f y  t h e  conditions imposed i n  theorem 1 on the so lu t ions  of system 
(l.l), then t h e  t r i v i a l  so lu t ion  of system (2 .1 )  is  uniformly and 
asymptotically s tab le .  

In f a c t ,  l e t  us  choose u, as i n  t h e  proof of theorem 1, and then 
consider t h e  systems (2.1) and (2.5)  f o r  
and lemma 2 we obtained the  proof required.  

t 2 A(a) . Applying theorem 1 

Remark. - Theorem 1 d i f f e r s  from t h e  theorem of Wright (refs. 4 and 
6)  on the s t a b i l i t y  by the  f i r s t  approximation, i n  pa r t i cu la r  by the  
circumstance t h a t  the  nonstationary case i s  a l s o  taken i n t o  account. 
However, s t r i c t l y  speaking, it i s  not  a general izat ion of Wright's theorem 
a t  l e a s t  f o r  t he  reason that i n  the  l a t te r  the re  are considered not only 
equations with retarded argument b u t  also equations of the ' neu t r a l  type' 
(ref.  4 ) .  

3. Maintenance of S t a b i l i t y  f o r  Small Changes of Retardations 

We consider t he  systems (1.1) and (1.3). 

Theorem 2. - If the  so lu t ions  of system (1.1) s a t i s f y  the  conditions 
imposed on them i n  theorem 1, and ]'tj(t) - %Q(t)l < p, then f o r  s u f f i -  
c i e n t l y  small p 
and asymptotically s t ab le .  

the  tr ivial  so lu t ion  of the system (1.3) is  uniformly 
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Proof. - Let  u s  assume t h a t  t h e  funct ions q i ( t )  determining the  
xy ( t )  of the  systems (1.1) and (1.3) a t  t h e  in- so lu t ions  xi(t)  and 

s t a n t  to possess continuous der iva t ives  and l e t  

L e t  6 be s o  small that the  solut ion x i ( t )  of t he  system (1.1) can 

and satisfies t h e  inequa l i ty  be continued on the e n t i r e  semiaxis 

1 xl( t) I +. . .+ I%( t) 1 I B6e-a(t't0). 

t l  to 

W e  shall show t h a t  t he  inequal i ty  holds: 
... 

provided t h e  so lu t ion  xy(t)  can be continued i n  the  H-neighborhood 
of the  or ig in .  By v i r t u e  of (1.1) and (1.3), we have 
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We KIOW estimate separately 

Here three cases mtiy present themselves. The first case, if 

e - -$e) F to, e - % ; ( e )  I to 

where 

since xk(t) for t 5 to coincides Kith qk(t). 

The second case occurs if 

e - T$e) I to and e - Tl;(e) L to 

where 

The third case, if one of the numbers 0 - %,(e), 8 - %!(e )  is 
greater than to, but the second less than to. We then write the 
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inequal i ty  

and estimate each of the sums on t h e  r i g h t  s i d e  of t h i s  inequal i ty ,  i n  
bo th  the  first and second cases; we obtain 

It is  evident t h a t  the last inequal i ty  holds f o r  any case. Now l e t  

IXJE) - q F ) l  for t o  5 E I t 

We then obtain 

whence 

and applying lemma 1, we obtain the  inequal i ty  (3.1). 

Le t  us t ake  6 > 0 so small that t h e  inequal i ty  (3.1) can be 

I q l ( t )  1 +. .+ Iqn ( t )  I < &/ZB 

-;;plied if  
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L e t  

& I n  4B t o 2  A, T =- 2BemnLT’ a ’ p  
i= 1 

be so small t h a t  pmnL(1 + B)(emnL(T+2z) - 1) < 1/4- 

We s h a l l  show t h a t  on the segment [to + Z, to + T + 371 the so lu t ion  
xy ( t )  of t h e  system (1.3), determined by the func t ions  q i ( t )  a t  the 
i n s t a n t  to, cannot go out  of the e-neighborhood of t h e  or ig in ,  bu t  on 
t h e  segment [to + T + T, to + T + 3%’j l i e s  i n  t h e  e/BB-neighborhood 
of the  or ig in .  I n  f a c t ,  on t h e  segment [to, t o  + 73 t h e  inequa l i ty  holds: 

i n  v i r t u e  of inequa l i ty  (1.6) . 
We s h a l l  now determine t h e  so lu t ion  x i ( t )  of t h e  system (1.1) with  

the  functions xT(t) a t  t h e  i n s t a n t  t o  + Z .  Evidently, xy ( t )  has con- 
tinuous der iva t ives  on the segment (to, to + TI, where 

From t h e  last equation it follows that 

On t h e  segment [to + z, to + T + 3.~1, we now 
inequal i ty  

have everywhere the 

1 I z e  & -a(t-to-‘c) + 



The first component everywhere on the  segment considered does not  
t o  + T + z 1. t o  + T + 32, then it does not exceed exceed 

2 

&/2; but  if 

- = &/8B. Whence follows our asser t ion  on the behavior of e(t). 
Let us now consider the  solut ion of t h e  system (1.1) determined by 

i 
'the funct ions q ( t )  a t  the  
t inuous der ivat ives ,  where, 
segment [to + T + T, t o  + T 

(D 

r( 
Fi 

F; 

i n s t a n t  to + T + 3z. Again, $(t) has con- 
s ince  /q(t)l +...+ I# ( t ) l  < c/4B on the  

+ 321, 

Repeating fu r the r  these  s t eps  (of time i n t e r v a l  T + 2z), we arrive 
a t  the  conclusion that on t h e  segment 

[ to  + nT + (2n + 1) 7,  to + (n + 1) T + (2n + 3) T] 

Whence follows the  conclusion of t he  theorem on the uniform asympto- 
t i c  s t a b i l i t y  of the  t r iv ia l  solut ion of s y s t e m  (1.3). 

Corollary. - I n  the  system (l.l), l e t  z j ( t )  -+ 'Cj f o r  t -* -. If 
t h e  tr ivial  so lu t ion  of the  system 

is uniformly and asymptotically s tab le ,  and inequal i ty  (2.2) holds, t h e  
trivial so lu t ion  of t he  system (1.1) is uniformly and asymptotically 
s t ab le .  I n  f a c t ,  J e t  us choose p as i n  t he  proof of theorem 2 and l e t  
l z j ( t )  - z 1 < p f o r  t L A(p) 2 A f o r  a l l  j. Considering the  systems 
(1.1) and t4 3.2) f o r  t 2 A(p) and applying theorem 2 and lemma 2, we 
obtain w h a t  was required.  
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4. S t a b i l i t y  f o r  Continuously Acting 

Disturbances of Retardations 

Theorem 3. - If the t r i v i a l  so lu t ion  of system (1.1) is  uniformly 
and asymptotically s tab le ,  it is  s t ab le  f o r  continuously ac t ing  dis turb-  
ances of the re ta rda t ions .  

Proof. - Let  us  consider t he  system (1.3) together  with the system 
(1.1)andestimate the difference between their solut ions,  determined a t  
the  in s t an t  to by the same functions 'pi(%), admitt ing continuous 
der ivat ives ,  with 

I q l ( t ) l  + - e . +  l qn ( t ) l  < 6 < H, J W i ( t ) / d t I  < r 

We s h a l l  show that under these assumptions the  inequal i ty  holds: 

(4.1) 

provided both solut ions can be continued i n  the  
or ig in .  
3, excluding only the second case a r i s i n g  i n  the estimate 

H-neighborhood of the  
The estimate i s  conducted exac t ly  i n  t h e  same way as i n  sec t ion  

We here have the  inequal i ty  (1.6) : 

m 
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Thus, 

. 

and f i n a l l y  

From this we obta in  the inequal i ty  (4.1) by t h e  appl ica t ion  of 
lemma 1. 

W e  shall now prove that f o r  each > 0 there exists a 6(&) > 0 
such that, if the i n i t i a l  f i ne t ione  q i ( t )  s a t i s f y  the condition 
Iq1(t)l +. . .+ Iqn( t)l 6, then t h e  so lu t ion  of the system (1.1) deter- 
mined by them w i l l  for all t 2 to satisfy t h e  i n e q u d i t y  
) x l ( t ) l  +...+ I%(t)] c e. In fact, f o r  E t h e r e  exists a number T(c) 
such that f o r  t 2 to + T(r) we shall have I x l ( t ) l  +...+ I % ( t ) l  < & 

(if  8 p).  

Let  6 < e/e e(&). men also f o r  to 5 t 5 ~ ( t )  + to, 

i n  v i r t u e  of inequa l i ty  (1.6). 

W e  now t ake  6 * 0 and corresponding t o  t h e  number &/2 we f i n d  
81 > 0 such that if  

Further,  corresponding t o  t h e  number B1/2 we find T such tha t  if  
t - t o  > T, then 

W e  shall show that i f  
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and p is so small that 

then the solution 
(Pi(t), satisfies the inequality )xy(t)l +... $ I<(t)l c e 

xy(t) of the system (1.3)) determined by the functions 
for t 1 to. 

In fact, IxT(t)l +...+ lg(t)l < 61 on the segment [to, to + TI. 
We shall show that 

)xy(t) 1 +...+ Ix:(t)l < t on the segment [t + 7 ,  to + T + 371 0 

Ixy(t) I +.*.+ Ixi(t) 1 < 61 on the segment [to + T + 2, to + T + 373 

In fact, taking as the initial functions for the system (1.1) the 
functions 
the solution of this system. 
(which is obtained as in sect€on 3), we have 

xy(t) on the segment [to, to + 73, we determine by their means 
Applying the inequality (4.1) with y = 61mL 

On the segment [to + T + 7, to + T + 371, however, by the choice of 
T we have 

We again consider the solution of system (1.1)) determined by the 
functions xy(t), taken on the segment [to + T + 27, to + T + 37). 
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By the same considerations we find that Ix!(t) I +. . .+ I g(t) 1 < e 
also on the segment [to + T + 37, to + 2T + 5.~3, while on the segment 
[to + 2!J! + 32, to + 2T + S T ]  we shall have lxy(t)) +,..+ Ig(t)l < 61. 

Continuing this process further we find that 

Ixy<t) 1 +...+ J<(t) J c e fo r  t L to 

as was required. 
part of the theorem of reference 5 011 the stability for continuously 
acting disturbances of the retardations. 

The theorem proved is a generalization of the local 
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